
Assignment 1
Asymptotic Bounds

Name: Dipam Sen

Roll No: 24CS10059

1.4.1 Prove the transitive property 3 of Big-O:

1. 𝑓 = 𝒪︀(𝑔) and 𝑔 = 𝒪︀(ℎ) ⇒ 𝑓 = 𝒪︀(ℎ)
2. 𝑓 = Ω(𝑔) and 𝑔 = Ω(ℎ) ⇒ 𝑓 = Ω(ℎ)

Sol. 1. We have

𝑓 = 𝒪︀(𝑔) ⇒ ∃ 𝑐1 > 0, 𝑛1 > 0, 𝑓 (𝑛) ≤ 𝑐1 · 𝑔(𝑛) ∀ 𝑛 ≥ 𝑛1 (1.1)

𝑔 = 𝒪︀(ℎ) ⇒ ∃ 𝑐2 > 0, 𝑛2 > 0, 𝑔(𝑛) ≤ 𝑐2 · ℎ(𝑛) ∀ 𝑛 ≥ 𝑛2 (1.2)

Then, from (1.1) and (1.2), we have

𝑓 (𝑛) ≤ 𝑐1𝑐2 · ℎ(𝑛) ∀ 𝑛 ≥ max(𝑛1, 𝑛2)
⇒ 𝑓 (𝑛) ≤ 𝑐 · ℎ(𝑛) ∀ 𝑛 ≥ 𝑛0

for 𝑐 = 𝑐1𝑐2 and 𝑛0 = max(𝑛1, 𝑛2).

This shows that 𝑓 (𝑛) = 𝒪︀(ℎ(𝑛)).

2. Similarly, we have

𝑓 = Ω(𝑔) ⇒ ∃ 𝑐1 > 0, 𝑛1 > 0, 𝑓 (𝑛) ≥ 𝑐1 · 𝑔(𝑛) ∀ 𝑛 ≥ 𝑛1 (1.3)

𝑔 = Ω(ℎ) ⇒ ∃ 𝑐2 > 0, 𝑛2 > 0, 𝑔(𝑛) ≥ 𝑐2 · ℎ(𝑛) ∀ 𝑛 ≥ 𝑛2 (1.4)

Then, from (1.3) and (1.4), we have

𝑓 (𝑛) ≥ 𝑐1𝑐2 · ℎ(𝑛) ∀ 𝑛 ≥ max(𝑛1, 𝑛2)
⇒ 𝑓 (𝑛) ≥ 𝑐 · ℎ(𝑛) ∀ 𝑛 ≥ 𝑛0

for 𝑐 = 𝑐1𝑐2 and 𝑛0 = max(𝑛1, 𝑛2).

This shows that 𝑓 (𝑛) = Ω(ℎ(𝑛)).

1.4.2 [ 𝐹(𝑛)
𝐹(𝑛 − 1)] = 𝑀𝑛−1[10] where 𝑀 = [11

1
0]

Prove by induction, that 𝑀𝑛 = [𝐹𝑛+1
𝐹𝑛

𝐹𝑛
𝐹𝑛−1

] ∀ 𝑛 ≥ 1.

Sol. Base Case: For 𝑛 = 1, we have

𝑀1 = 𝑀 = [11
1
0] = [𝐹2𝐹1

𝐹1
𝐹0

]
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which satisfies the proposition.

Inductive Case: We show that if the proposition is true for some 𝑛 = 𝑘, it is also true for 𝑛 =
𝑘 + 1.

Assume that the proposition is true for some 𝑛 = 𝑘. Then we have,

𝑀𝑘 = [𝐹𝑘+1
𝐹𝑘

𝐹𝑘
𝐹𝑘−1

]

Now, we can find 𝑀𝑘+1:

𝑀𝑘+1 = 𝑀 ⋅𝑀𝑘 = 𝑀[𝐹𝑘+1
𝐹𝑘

𝐹𝑘
𝐹𝑘−1

] = [11
1
0][

𝐹𝑘+1
𝐹𝑘

𝐹𝑘
𝐹𝑘−1

]

= [𝐹𝑘+1 + 𝐹𝑘
𝐹𝑘+1

𝐹𝑘 + 𝐹𝑘−1
𝐹𝑘−1

]

= [𝐹𝑘+2
𝐹𝑘+1

𝐹𝑘+1
𝐹𝑘−1

]

Thus, the proposition is true for 𝑛 = 𝑘 + 1.

By the principal of mathematical induction, this shows that the proposition is true for all 𝑛 ≥ 1.

1.4.3 A function 𝑓 (𝑥) is said to be monotonically increasing if 𝑓 (𝑥) ≤ 𝑓 (𝑦)∀ 𝑥 ≤ 𝑦. Suppose 𝑓 (𝑛) 
and 𝑔(𝑛) are monotonically increasing functions such that in addition, they are non negative. 

Prove that the following functions are also monotonically increasing:

1. 𝑓 (𝑛) + 𝑔(𝑛)
2. 𝑓 (𝑔(𝑛))
3. 𝑓 (𝑛) · 𝑔(𝑛) if 𝑓 (𝑛), 𝑔(𝑛) > 0 for all 𝑛.

Sol. The definition as given above states that a function 𝑓  is monotonically increasing if 𝑓 (𝑥) ≤
𝑓 (𝑦)∀ 𝑥 ≤ 𝑦. Thus to prove that a function is monotonically increasing, it suffices to show 𝑥 ≤
𝑦 ⇒ 𝑓 (𝑥) ≤ 𝑓 (𝑦).

1. Let 𝑥 ≤ 𝑦. Then,

𝑓 (𝑥) ≤ 𝑓 (𝑦) (1.5)

𝑔(𝑥) ≤ 𝑔(𝑦) (1.6)

Adding (1.5) and (1.6) we have

𝑓 (𝑥) + 𝑔(𝑥) ≤ 𝑓 (𝑦) + 𝑔(𝑦)

thus, 𝑓 (𝑛) + 𝑔(𝑛) is monotonically increasing.

2. Let 𝑥 ≤ 𝑦. Then, 𝑔(𝑥) ≤ 𝑔(𝑦).

Let 𝑔(𝑥) = 𝑘1, 𝑔(𝑦) = 𝑘2. Clearly, 𝑘1 ≤ 𝑘2. Since 𝑓  is monotonically increasing, we have

𝑓 (𝑘1) ≤ 𝑓 (𝑘2)
⇒ 𝑓 (𝑔(𝑥)) ≤ 𝑓 (𝑔(𝑦))
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This, 𝑓 (𝑔(𝑛)) is monotonically increasing.

3. Let 𝑥 ≤ 𝑦. We know that

0 < 𝑓 (𝑥) ≤ 𝑓 (𝑦) (1.7)

and

0 < 𝑔(𝑥) ≤ 𝑔(𝑦) (1.8)

.

From (1.7), we can write

𝑓 (𝑥)𝑔(𝑥) ≤ 𝑓 (𝑦)𝑔(𝑥)

and from (1.8) we can write

𝑓 (𝑦)𝑔(𝑥) ≤ 𝑓 (𝑦)𝑔(𝑦)

which together imply

𝑓 (𝑥)𝑔(𝑥) ≤ 𝑓 (𝑦)𝑔(𝑦)

thus showing that 𝑓 (𝑛)𝑔(𝑛) is monotonically increasing.

1.4.4 What is the smallest value of 𝑛 such that an algorithm whose running time is 100𝑛2 runs faster 

than an algorithm whose running time is 2𝑛 on the same machine?

Sol. Assuming that each operation takes equal time, we can find the threshold value of 𝑛 where 

100𝑛2 < 2𝑛 by trial and error:

𝑛 = 5 : 100𝑛2 = 2500 > 2𝑛 = 32
𝑛 = 7 : 100𝑛2 = 4900 > 2𝑛 = 128
𝑛 = 10 : 100𝑛2 = 10000 > 2𝑛 = 1024
𝑛 = 12 : 100𝑛2 = 14400 > 2𝑛 = 4096
𝑛 = 13 : 100𝑛2 = 16900 > 2𝑛 = 8192
𝑛 = 14 : 100𝑛2 = 19600 > 2𝑛 = 16384
𝒏 = 𝟏𝟓 : 100𝑛2 = 22500 < 2𝑛 = 32768

Thus, the algorithm with a running time of 100𝑛2 will run faster than the algorithm with a 

running time of 2𝑛 on the same machine for input sizes 𝑛 ≥ 15.

1.4.5 Prove the following:

1. 𝑛! = 𝑜(𝑛𝑛)
2. lg(𝑛!) = Θ(𝑛 lg 𝑛) [Prove it in two different ways, one using calculus.]

Sol. 1. Let 𝑐 > 0 be arbitrary. We need to show that ∃ 𝑛0 > 0 such that

𝑛! < 𝑐 · 𝑛𝑛 ∀ 𝑛 ≥ 𝑛0

or equivalently, 𝑐 >
𝑛!
𝑛𝑛 .
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⇒
𝑛!
𝑛𝑛 =

1
𝑛 ⋅

2
𝑛 ⋅ ⋯ ⋅

𝑛 − 1
𝑛 ⋅

𝑛
𝑛

= ∏
⌊𝑛/2⌋

𝑖=1

𝑖
𝑛 × ∏

𝑛

𝑖=⌊𝑛/2⌋+1

𝑖
𝑛

Here, for 𝑖 = 1 to ⌊
𝑛
2⌋, we have 

𝑖
𝑛 ≤

1
2 , and for 𝑖 = ⌊

𝑛
2⌋ + 1 to 𝑛, 

𝑖
𝑛 ≤ 1.

Thus,

𝑛!
𝑛𝑛 ≤ (

1
2)

⌊𝑛/2⌋
≤ (

1
2)

𝑛/2
< 𝑐

(
1
2)

𝑛/2
< 𝑐 ⇒ −

𝑛
2 < lg 𝑐

⇒ 𝑛 > −2 lg 𝑐

Thus, for any arbitrary 𝑐 > 0, we can choose 𝑛0 = max(−2 lg 𝑐, 0), such that 𝑛! < 𝑐 ⋅
𝑛𝑛 ∀ 𝑛 > 𝑛0. This shows that 𝑛! = 𝑜(𝑛𝑛).

Method 2:

We can directly use the Stirling approximation:

𝑛! = √2𝜋𝑛(
𝑛
𝑒 )

𝑛
(1 +Θ(

1
𝑛))

Consider 𝑓 (𝑛) = 𝑛!, 𝑔(𝑛) = 𝑛𝑛.

Then

lim𝑛→∞
𝑓 (𝑛)
𝑔(𝑛) = lim𝑛→∞

𝑛!
𝑛𝑛 = lim𝑛→∞

√2𝜋𝑛
𝑒𝑛 (1 +Θ(

1
𝑛)) = 0

Thus, 𝑛! = 𝑜(𝑛𝑛).

2. We have,

lg(𝑛!) = ∑
𝑛

𝑖=1
lg(𝑖) ≤ ∑

𝑛

𝑖=1
lg(𝑛) ≤ 𝑛 lg 𝑛

This shows that lg(𝑛!) = 𝒪︀(𝑛 lg 𝑛).

Also,

lg(𝑛!) = ∑
𝑛

𝑖=1
lg(𝑖)

= ∑
⌈𝑛/2⌉

𝑖=1
lg(𝑖) + ∑

𝑛

𝑖=⌈𝑛/2⌉+1
lg(𝑖)

Here, for 𝑖 = 1 to ⌈
𝑛
2⌉, lg(𝑖) ≥ 0, and for 𝑖 = ⌈

𝑛
2⌉ + 1 to 𝑛, lg(𝑖) ≥ lg(

𝑛
2).
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Thus,

lg(𝑛!) ≥ ∑
𝑛

𝑖=⌈𝑛/2⌉+1
lg(

𝑛
2) = ⌊

𝑛
2⌋ lg(

𝑛
2) ≥ (

𝑛
2 − 1) lg(

𝑛
2)

≥ (
1
2𝑛 − 1)(lg 𝑛 − 1) =

1
2𝑛 lg(𝑛) −

𝑛
2 − lg(𝑛) + 1

≥
1
2𝑛 lg(𝑛) + 1 ≥ Θ(𝑛 lg 𝑛)

This shows that lg(𝑛!) = Ω(𝑛 lg 𝑛).

Together, this implies that lg(𝑛!) = Θ(𝑛 lg 𝑛).

Method 2:

We can apply Stirling’s approximation:

𝑛! = √2𝜋𝑛(
𝑛
𝑒 )

𝑛
(1 +Θ(

1
𝑛))

⇒ lg(𝑛!) = lg√2𝜋 +
1
2 lg 𝑛 + 𝑛 lg 𝑛 − 𝑛 lg 𝑒 + lg(1 +Θ(

1
𝑛))

= Θ(𝑛 lg 𝑛)

Method 3:

Consider lg(𝑛!) = ∑
𝑛

𝑖=2
lg(𝑖). Since lg(𝑥) is monotonically increasing, this sum is upper 

bounded by the integral ∫
𝑛+1

2
lg(𝑥) d𝑥, and lower bounded by the integral ∫

𝑛

1
lg(𝑥) d𝑥. This 

is clear from the below figures.

1 2 3 4 5 6 𝑥0

lg(2)

lg(3)

lg(4)

lg(5)
lg(6)

𝑦

Figure 1: Plot showing ∑
𝑛

𝑖=2
lg(𝑖) < ∫

𝑛+1

2
lg(𝑥) d𝑥. The blue plot represents lg(𝑥) and the red rectangles represent 

the discrete sum.
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1 2 3 4 5 6 𝑥0

lg(2)

lg(3)

lg(4)

lg(5)
lg(6)

𝑦

Figure 2: Plot showing ∑
𝑛

𝑖=2
lg(𝑖) > ∫

𝑛

1
lg(𝑥) d𝑥. The blue plot represents lg(𝑥) and the red rectangles represent the 

discrete sum. Note that here the red rectangles are shifted left, as compared to the previous figure.

We can give a general statement for the above observation:

For a continuous monotonically increasing function 𝑓 (𝑥), we have

∫
𝑏

𝑎−1
𝑓 (𝑥) d𝑥 ≤ ∑

𝑏

𝑖=𝑎
𝑓 (𝑖) ≤ ∫

𝑏+1

𝑎
𝑓 (𝑥) d𝑥

Also, the reverse inequality holds for a monotonically decreasing function.

Thus,

∫
𝑛

1
lg(𝑥) d𝑥 ≤ ∑

𝑛

𝑖=2
lg(𝑖) ≤ ∫

𝑛+1

2
lg(𝑥) d𝑥

We can simplify the integrals:

∫ lg(𝑥) d𝑥 =
1

log(2) ∫ log(𝑥) d𝑥 =
1

log(2)(𝑥 log 𝑥 − 𝑥)

So we have,

1
log(2)(𝑛 log 𝑛 − 𝑛 + 1) ≤ lg(𝑛!)

≤
1

log(2)((𝑛 + 1) log(𝑛 + 1) − 𝑛 − 2 log 2 + 2)

⇒ Θ(𝑛 lg 𝑛) ≤ lg(𝑛!) ≤ Θ(𝑛 lg 𝑛)

Hence, this shows that lg(𝑛!) = Θ(𝑛 lg 𝑛).
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